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Abstract: One possibility for identifying the inflaton in the framework of string
theory is that it is a D-brane modulus. This option involves a specific, non-canonical
form of the kinetic energy – the Dirac-Born-Infeld action. This note investigates the
applicability of the slow roll approximation in inflationary models of this type. To
this end the slow roll expansion of Liddle, Parsons and Barrow is derived for the case
of the DBI action. The resulting slow roll conditions augment the standard ones
valid in the case of canonical kinetic terms. It is also shown that in DBI models
inflation does not require that the potential dominate the energy density.
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1. Introduction
The success of inflationary cosmology makes it important to look for its realization
in string theory. In particular, it is important to understand what possibilities exist
for identifying the degrees of freedom which could lead to an inflationary effective
field theory at energies below the Planck scale. For a long time geometric closed
string moduli were considered to be possible inflaton candidates. Recently [1] the
possibility that the inflaton might be an open string modulus1 has been investigated
in a number of papers (for reviews and references see for example [2, 3, 5, 4]). This
option is interesting and novel in a number of ways. One important aspect of this
idea is that the kinetic terms for the inflaton are non-canonical [6, 7] and are uniquely
determined to all orders in α′ by the Dirac-Born-Infeld action [8]. It is thus a very
distinctive consequence of identifying the inflaton with an open string mode. The
DBI kinetic terms involve higher than quadratic powers of the time derivative of the
1Once supersymmetry is broken this open string mode is no longer a modulus.
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inflaton and it is important to determine whether these nonlinearities have practically
measurable consequences.
Non-canonical kinetic terms of various degrees of generality have been the focus of
interest for some time [9]-[13]. Here however the form of the kinetic energy density is
determined by well motivated string computations. The specific string models which
have been considered in this context involve a D-brane approaching an anti–D-brane
lodged at the bottom of a throat [14, 15, 16, 17, 18, 19] in a warped Calabi-Yau
compactification [20]. While leaving many issues still unresolved at this point in
time, it is clear that this type of model represents a fairly generic situation in string
theory. The stringy geometry at the heart of this scenario is encoded at the effective
field theory level in two objects: the usual potential energy density V and another
function of the inflaton field denoted below by f . This latter object is related to the
geometry of the throat in the compactification manifold.
It was pointed out in [6] that the DBI action accounts for a speed limit on moduli
space. This arises because the kinetic energy density depends on the time derivative
of the inflaton via a factor γ, which is unity at small velocity and grows without
bound as the speed limit is reached. Attention has mostly focused on the case when
this limit is attained [6, 7, 16, 17]. The term DBI inflation has been used mostly to
refer to this case. Here this term will be used more generally to refer to inflation in
models with Dirac-Born-Infeld kinetic terms even when far from the speed limit. This
note is devoted to the more mundane situation when γ is close to unity, i.e. when the
DBI action only gives small corrections to the standard results. This is potentially
relevant since it looks like models with large γ may have difficulties accommodating
limits on nongaussianity and the primordial perturbations [18, 21, 22, 19].
The slow-roll approximation [23], developed in the context of effective field the-
ory models with canonical kinetic terms, places flatness constraints on the potential
energy density appearing in the effective field theory action. In the DBI case the
action besides the potential also involves the function f mentioned above, so it is
interesting to ask what properties must this function possess in order that the slow
roll approximation be valid. This question is addressed here by studying the slow
roll expansion of Liddle, Parsons and Barrow [24], suitably generalized to the case of
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DBI kinetic terms. The lowest order in this expansion is the slow roll approximation;
requiring that corrections to the leading order be small provides constraints on the
effective action. In the canonical case this type of analysis implies the well-known
conditions of the “potential slow roll” parameters ǫV and ηV . In the case of Dirac-
Born-Infeld models it turns out that in addition to these parameters one also needs
to consider the dimensionless quantity fV which enters the slow roll expansion at
second non-leading order (which is then the usual ηV parameter first appears). The
generalized slow roll conditions involve the sum of ηV and ǫV fV , so barring a can-
cellation the standard slow roll conditions need to be augmented by the condition
|ǫV fV | ≪ 1, which in the slow roll approximation is equivalent to γ ≈ 1.
This note is organized as follows: section 2 reviews some aspects of the case
of canonical kinetic terms and presents a simple iterative method for deriving the
slow roll expansion, which easily generalizes to DBI models. This generalization is
presented in section 3, where some other properties of DBI models are also discussed.
In particular, it is shown that in contrast with the canonical case, in the “ultra-
relativistic” limit DBI models do not require that the energy density be dominated by
the potential for inflation to take place. In section 4 a number of physically relevant
quantities related to the power spectra of primordial perturbations are calculated,
including the small corrections arising from the DBI kinetic terms. These results
are compared to the corresponding quantities computed in the “ultra-relativistic”
regime. Finally, section 5 offers some closing remarks.
2. The slow roll expansion in the canonical case
To introduce notation, this section reviews the slow roll expansion in the case of a
canonical kinetic term. The effective action for the inflaton is then of the form
S = −
∫
d4x
√−g(1
2
(∂φ)2 + V (φ)) . (2.1)
For spatially homogeneous field configurations this leads to field equations for a
perfect fluid with
p =
1
2
φ˙2 − V (φ) (2.2)
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ρ =
1
2
φ˙2 + V (φ) . (2.3)
The Einstein equations reduce to
ρ˙ = −3H(p+ ρ) (2.4)
3M2
P
H2 = ρ , (2.5)
where MP is the reduced Planck mass (M
2
P
= 1/8πG), the dot indicates a time
derivative and H ≡ a˙/a.
It is convenient to write these equations in first order form [25, 26, 27, 28],
treating φ as the evolution parameter in place of t. From (2.2) – (2.5) it follows that
φ˙ = −2M2
P
H ′(φ) , (2.6)
where the prime denotes a derivative with respect to φ. Using this in (2.5) gives
3M2
P
H2 − V = 2M4
P
H ′2 . (2.7)
This is the Hamilton-Jacobi form of the field equations [25, 26, 27, 28].
Given a potential density V (φ) one would like to solve the nonlinear equation
(2.7) for H(φ), but this is very difficult to do in most cases. However, if one is
interested in an inflating trajectory then there is a systematic expansion which can
be carried out analytically, in principle to any order. To formulate it one needs to
have an indication of which trajectories are inflationary. To this end one defines
ǫH = − H˙
H2
, (2.8)
which satisfies
a¨
a
= H2(1− ǫH) , (2.9)
so that inflation occurs if and only if ǫH < 1. In terms of H(φ) one finds that
ǫH = 2M
2
P
(
H ′
H
)2 . (2.10)
It is sometimes convenient to express the condition ǫH < 1 in terms of the ratio
ǫ of kinetic energy density to potential energy density defined by the equation:
H2 =
1
3M2
P
V (1 + ǫ) . (2.11)
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Using (2.7) it is easy to show that
ǫH =
3ǫ
1 + ǫ
. (2.12)
Using this the condition for inflation reads ǫ < 1/2, which is sometimes stated as the
requirement that during inflation the potential should dominate the energy density.
It will be shown below that in the case of DBI kinetic terms this is no longer the
case.
The slow roll expansion of Liddle, Parsons and Barrow [24] (which extended the
earlier work of Salopek and Bond [27]) is based on the observation that an inflating
trajectory has ǫH < 1, which means that the right hand side of (2.7) is small relative
to the terms on the left hand side of that equation. For this to be effective it is
essential that the solution attains a late-time attractor [24]. The ensuing expansion
may be derived in a number of ways. The method presented here has the benefit of
being very simple to compute in an iterative way. Since it is clear that the expansion
is one in the number of derivatives, one may introduce a parameter α which counts
derivatives by replacing (2.7) with
3M2
P
H2 − V = αM4
P
H ′2 , (2.13)
and solving this equation in powers of α:
H =
∑
n
αnHn . (2.14)
At the end one is to set α = 2. Continuing up to second order in α as above leads
to:
3M2
P
H2
0
− V = 0 (2.15)
2H0H1 = M
2
P
H ′2
0
(2.16)
H2
1
+ 2H0H2 = 2M
2
P
H ′
1
H ′
0
. (2.17)
It is trivial to write down higher orders; proceeding up the second order as above
leads to
H(φ) ≃
√
V (φ)
3M2
P
{1 + 1
2
ǫV + ǫV (ηV − 13
8
ǫV )} , (2.18)
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where
ǫV =
M2
P
6
(
V ′
V
)2
ηV =
M2
P
3
V ′′
V
. (2.19)
are the standard “potential slow roll” (PSR) parameters2. With this normalization
the slow roll expressions for the Hubble slow roll parameter and the ratio of kinetic
to potential energy are:
ǫH ≃ 3ǫV , ǫ ≃ ǫV . (2.20)
Equation (2.18) coincides3 with the expansion presented by Liddle, Parsons and
Barrow [24]. It shows that the validity of this expansion rests on the smallness of ǫV
as well as ηV .
A number of important calculations in the cosmology literature have been carried
out in the Hubble slow roll approximation, which uses ǫH and its analogues expressed
in terms of higher derivatives of H(φ). However, if one wishes to make contact with
an effective field theory defined by a lagrangian, it is necessary to be able to calculate
H(φ) in terms of the potential and any other objects and parameters appearing in
the action. For this purpose the expansion (2.18) is very effective when applicable.
The PSR parameters (2.19) are convenient, since they can be calculated immediately
for any given model.
3. The slow roll expansion for DBI inflation
The effective action for the inflaton is the Dirac-Born-Infeld action, which for spa-
tially homogeneous inflaton configurations takes the form [6, 18]
S = −
∫
d4x a(t)3 {f(φ)−1(
√
1− f(φ)φ˙2 − 1) + V (φ)} . (3.1)
The function f appearing here can be expressed in terms of the warp factor in the
metric and the D3-brane tension. A number of specific models of this kind have been
2The normalization adopted here differs by a factor of 1/3 from what is most commonly used.
3Apart from the different normalization of ǫV and ηV the formula in [24] is given for H
2 rather
than H .
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studied [7, 16, 17, 19, 29], mostly assuming an AdS5 throat (f ∼ 1/φ4) and various
forms of the potential V . While this note does not consider specific examples, one
should keep in mind that a number of models of this type are of interest.
The action (3.1) leads to field equations (2.4), (2.5) for a perfect fluid with
p =
γ − 1
fγ
− V (φ) (3.2)
ρ =
γ − 1
f
+ V (φ) , (3.3)
where
γ =
1√
1− f(φ)φ˙2
. (3.4)
To rewrite the field equations in Hamilton-Jacobi form one proceeds as in the canon-
ical case. From (2.4)–(2.5) it follows that in this case that
φ˙ = −2M
2
P
γ
H ′(φ) . (3.5)
This equation can easily be solved for φ˙ which allows one to express γ as a function
of φ:
γ =
√
1 + 4M4
P
fH ′2 . (3.6)
Using this in (2.5) gives
3M2
P
H2 − V = γ − 1
f
. (3.7)
This is the Hamilton-Jacobi equation for DBI inflation [6]. Solving this equation
for H(φ) given V (φ) and f(φ) is rather difficult. Most studies have considered the
“ultra-relativistic” case γ ≫ 1, where (3.7) simplifies considerably [6]. It is however
clear that one can also implement the slow roll expansion here.
To do this, one needs to quantify under what conditions inflation takes place for
this system. As discussed in section 2, in general inflation is taking place4 whenever
ǫH < 1, where ǫH is defined by eq. (2.8). In the case of DBI inflation one finds (using
(3.5)) that
ǫH =
2M2
P
γ
(
H ′
H
)2 . (3.8)
4Of course for cosmology it is important that inflation takes place for long enough to generate
adequate expansion.
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Defining the ratio ǫ of kinetic energy density to potential energy density as before
one finds in the DBI case that
ǫH =
γ + 1
2γ
3ǫ
1 + ǫ
. (3.9)
At γ close to unity this reduces to the canonical result, but for large gamma the ad-
ditional factor in the above tends to 1
2
. The consequence of this is that the condition
ǫH < 1 requires only ǫ < 2: in this case the potential does not need to dominate the
energy density for the system to inflate, unlike the case of canonical kinetic terms,
when inflation requires ǫ < 1/2.
For the purpose of determining the slow roll expansion it will be convenient to
work with the square of the Hamilton-Jacobi equation (3.10):
(3M2
P
H2 − V ){1 + 1
2
f (3M2
P
H2 − V )} = 2M4
P
H ′2 . (3.10)
One may now proceed as in the canonical case. For an inflating trajectory on can
treat the right hand side of (3.10) as small relative to the other terms. Introducing
the derivative-counting parameter α as before and looking for the solution in the
form (2.14) one obtains, to second order,
(3M2
P
H0 − V ){1 + 1
2
f(3M2
P
H0 − V )} = 0 (3.11)
2H0H1 = M
2
P
H ′2
0
(3.12)
(1 + 6M2
P
fH2
0
)H2
1
+ 2H0H2 = 2M
2
P
H ′
1
H ′
0
. (3.13)
This yields
H(φ) ≃
√
V (φ)
3M2
P
{1 + 1
2
ǫV + ǫV (ηV − ǫV (13
8
+
1
4
fV ))} . (3.14)
The second order term in the above expression shows that the applicability of the
slow roll approximation in this case requires that
|ηV − ǫV (13
8
+
1
4
fV )| ≪ 1 , (3.15)
in addition to the usual ǫV < 1. While a priori it could happen that the two
contributions in (3.15) partially cancel, generically one needs
|ηV | ≪ 1, |ǫV fV | ≪ 1 . (3.16)
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To understand the meaning of the dimensionless quantity fV , note that the Hamilton-
Jacobi equation (3.7) can be written as γ = 1 + ǫfV . If slow roll is valid one has
ǫ ≃ ǫV and so
γ ≃ 1 + ǫV fV . (3.17)
Thus the second condition in (3.16) quantifies the expectation that γ has to be close
to unity for the slow roll approximation to apply.
4. Corrections to inflationary observables
This section looks at various physical quantities of interest in the slow roll approxi-
mation and presents leading corrections to these quantities arising due to the non-
canonical kinetic terms. The slow roll results are compared with the corresponding
“ultra-relativistic” results obtained in the limit of large γ.
The leading effect of DBI kinetic terms are corrections of order ǫ2
V
fV . In some
models, where ǫV fV is small but fV is large these contributions would be larger
than second order corrections of order ǫ2
V
and so on.
The basic quantity is the number of e-folds, which is given by
N =
∫
dtH =
√
3
2
∫
dφ
MP
√
γ
ǫH
. (4.1)
Before considering the slow roll approximation it is convenient to write this in terms
of ǫ using (3.9):
N =
1√
3
∫
dφ
MP
γ√
γ + 1
√
1 + ǫ
ǫ
. (4.2)
In the case of slow roll one has (3.17) which in leading order yields
N =
∫
dφ
MP
1√
6ǫV
(1 + ǫV +
3
4
ǫV fV ) . (4.3)
The correction works to increase the number of e-folds relative to the leading slow
roll result. For comparison, at large γ one has
γ ≃ ǫfV ≫ 1 , (4.4)
so (4.2) gives
N =
1√
3
∫
dφ
MP
√
fV (1 + ǫ) . (4.5)
– 9 –
If one assumes that potential energy dominates the energy density (i.e. that ǫ≪ 1)
this formula reduces to the one given in the literature. However, as shown earlier, one
does not need ǫ ≪ 1 to have inflation with DBI kinetic terms, so one may actually
get more e-folds than potential domination suggests.
It is straightforward to write down corrections to observables related to the
primordial perturbation spectra given the results of Garriga and Mukhanov [10],
who have calculated the spectrum of perturbations for arbitrary kinetic terms to
leading order in the Hubble slow roll parameters ǫH and
ηH = − 1
H
d
dt
ln ǫH (4.6)
σH = − 1
H
d
dt
ln cs . (4.7)
The required smallness of ηH and σH expresses the condition that ǫH and the speed
of sound cs should vary much more slowly than the scale factor. The results of [10]
used below assume that ǫH , ηH , σH are small during the observable phase of inflation.
Use of these formulae in the “ultra-relativistic” regime is also valid only under this
assumption5.
The result for the primordial scalar power spectrum is [10]
PR =
1
36π2M4
P
1
cs
ρ2
p+ ρ
, (4.8)
For DBI models one has [7] cs = 1/γ. Here and in all the formulae below the
right hand side is evaluated at the sound horizon exit (csk = aH). In the slow roll
expansion one finds
PR ≃ 1
72π2M4
P
V
ǫV
(1 + ǫV fV ) , (4.9)
while in the “ultra-relativistic” limit
PR ≃ 1
36π2M4
P
(1 + ǫ)2fV 2 . (4.10)
In models where ǫ≪ 1 this is the same as found in [7, 29].
For the tensor perturbations one has [10]
Ph =
2
π2M2
P
H2 . (4.11)
5An interesting example where these formulae break down as a consequence of the slow roll
conditions being violated is discussed in reference [13].
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This gives
r ≡ Ph
PR
=
16ǫH
γ
, (4.12)
which in the slow roll approximation yields
r ≃ 48ǫV (1− ǫV fV ) . (4.13)
For the spectral indices the results of Garriga and Mukhanov [10] can be written
as follows:
ns − 1 = −2ǫH + ηH + σH (4.14)
nT = −2ǫH . (4.15)
These expressions are valid in the leading order in Hubble slow roll parameters. In
the Hamilton-Jacobi formalism one finds
ηH =
4
3γ
H ′′
H
− 2ǫH + σH (4.16)
σH = −2
3
H ′
H
γ′
γ
, (4.17)
which leads to the expression
ns − 1 = −4ǫH + 2σH + 4
3γ
H ′′
H
. (4.18)
Evaluating this to leading order in the slow roll expansion gives6
ns − 1 = −18ǫV + 6ηV + 8
27
ǫV f
′V ′ . (4.19)
The correction due to the DBI kinetic terms can be of either sign depending on the
model.
5. Conclusions
Spacetime-filling D-branes moving on the 6-dimensional compact space appearing
in a string compactification is a very natural setting for inflation in string theory.
6The unusual coefficients in this formula are a consequence of the adopted normalization of the
potential slow roll parameters.
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While many structural aspects of this scenario are already known, many details which
will be essential in determining whether this is how it happened are still unknown.
Apart from questions about the precise ending of inflation, brane annihilation, energy
transfer to standard model degrees of freedom and so on, there are still many technical
aspects which need to be understood. This includes a reliable computation of the
potential and the geometry of the throat in which the brane is moving while spacetime
inflates. Existing examples are probably just the beginning. It is not even completely
clear whether all the D-brane moduli effectively reduce to a single one relevant for
driving inflation, as assumed in the class of effective field theories discussed here.
While precise studies will clearly require numerical methods it is essential to explore
approximate analytic tools in the regimes where some are available.
The main focus of this note was to look at the validity of the slow roll approxima-
tion for effective inflaton field theories with Dirac-Born-Infeld kinetic terms, which
are are a rather distinctive feature of brane inflation. The slow roll expansion in-
troduced in the case of canonical kinetic terms has a natural generalization to DBI
models which can be computed easily using the iterative method presented here. It
is obviously worthwhile to study such corrections in specific instances.
In the other extreme, that of large γ, is interesting that DBI models allow infla-
tion with a higher ratio of kinetic to potential energy than is possible with canonical
kinetic terms. This could significantly affect predictions at least in some cases.
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